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Abstract 

In the work of Kerner et al. (2001) the problem of the geodesic deviation 
in a 5D Kaluza Klein background is faced. The 4D space-time projection of 
the resulting equation coincides with the usual geodesic deviation equation 
in the presence of the Lorenz force, provided that the fifth component of 
the deviation vector satisfies an extra constraint which takes into account 
the q/m conservation along the path. The analysis was performed setting as 
a constant the scalar field which appears in Kaluza-Klein model. Here we 
focus on the extension of such a work to the model where the presence of 
the scalar field is considered. Our result coincides with that of Kerner et al. 
when the minimal case = 1 is considered, while it shows some departures in 
the general case. The novelty due to the presence of is that the variation of 
the q/m between the two geodesic lines is not conserved during the motion; 
an exact law for such a behaviour has been derived. 
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Introduction 



Kaluza-Klein (KK) theories ([TJ-[5]) offer in vacuum a tool to consider the 
unification of interactions in a geometrical picture; in the 5D compactified 
model we reproduce the coupling of the gravitational field with a U(l) vector 
field, which we identify with the electromagnetic field, plus an extra scalar 
field, which is the scale factor of the extra dimension ([6.]- [ID]). The most 
striking results of such a model are the explanation for the generation of the 
local U(l) gauge symmetry and the discretization of the charge ([9], [10J, 
[TT]). Although these results are encouraging, nevertheless the introduction 
of matter in the compactified model is still an open problem: it yields some 
inconsistencies in the dynamics, like the generation of a huge massive modes 
spectrum and the problem concerning the proper identification of the correct 
coupling factors associated to gauge currents ([5], [TT], [12] )■ In order to add a 
contribute to this debate, in this paper we consider the dimensional reduction 
of the geodesic deviation equation in the framework of the compactified 5D 
KK model. Such a topic was faced at first by Kerner et al. ([13]), setting 
from the beginning as a constant the scalar field, and the following equation 
has been derived: 



= -R1 lX u^x'u x + efcW{S J x v V v {F a %) - ekF«u»6Q . (1) 



Here ek is a dimensional constant which reads (ek) 2 = ^f, w 5 is the fifth 

dx A 



A J A 

component of the 5D velocity w = =f—, u p is the 4D velocity, and as usual 



R^x and F^ v are the Riemann and the Faraday tensor respectively. The 
factor e , kws = defines the ratio aim of a given particle and the above equation 

describes the behaviour of the deviation parameter 5x^ for two close test 
particles with ratios q/m and q/m + 5Q. The factor 5Q explicitly reads 
5Q = ^j^- — F^x^u" , and its dynamics is governed by the condition: 



ds - 1 V v 

d ( d8x 
ds 



Therefore, choosing as suitable initial condition the value 5Q = the follow- 
ing equation can be written: 

D 2 Sr a n 

^f- = -i^X&rV + Ux»V v (F«%) . (3) 
Us m 

In the usual 4D theory it describes the behaviour of the deviation parameter 
5x a between two close test-particles, with same charge q and mass m, in 
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presence of an electromagnetic field. Setting as a constant the scalar field 
however, does not allow us to distinguish between a 4D theory from a 5D 
theory; then the topic of this work is to build a 5D deviation equation in 
presence of the scalar field, in order to achieve a relation which could be in 
principle used to search evidence of an extra dimension. 



1 Geodesic equation in Kaluza Klein 

Let us consider at first the reduction of the geodesic equation in the frame- 
work of the cylindrical and compactified KK model. We assume, as in the 
4D theory, that the motion of the free particle follows a geodesic line, i.e. 
the dynamics is governed by the following Action: 

S = -m J ds 5 . (4) 
Here fh is an unknown mass parameter and ds^ reads 

ds 2 5 = ds 2 - 2 (ekA^dx 11 + dx 5 ) 2 , /i = 0,l,2,3, (5) 
where ds is the 4D line element and is the extra scalar field. The reduction 

A A 

of the 5D geodesic equation -r— = provides the following set: 



^ = (7) 

ds 

Equation (J6j) describes the motion of the reduced particle, which is now 
interacting with the electromagnetic field and the scalar one. Equation (jJJ) 
sets the existence of a constant of motion; it is possible also to show that w 5 
is a scalar object. Explicitly we have: 

w 5 = -0 2 (ekA^ + w 5 ) (8) 

Such a constant allows us to define the electromagnetic coupling. Indeed, we 
define the charge-mass ratio as follows: 

ek W5 = (9) 

1 <f>2 
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An insight concerning the role of rh can be achieved by considering the hamil- 
tonian formulation and studying the associated dispersion relation; while the 
study of the motion equation allows us to define only the charge-mass ratio, 
the analysis of conjugate momenta gives us a definition for mass and charge 
separately ( see [llj for details ). It turns out that the interacting 4D particle 
is characterized by the following relation: 

(P„ -qA,){P^ -qA*) =m\ (10) 

where: 

q = ekP 5 , m 2 = m 2 + -|. (11) 

In these formulas Pa = ttiwa are the conjugate momenta and these defini- 
tions reproduce the q/m ratio previously considered . But, more important, 
we see that the mass parameter m we put in the Action (pj does not correctly 
represent the physical mass of the particle which is indeed m. The multi- 

plying factor a = + ^ that enters into the definition of the mass arises 
because we are forced, during the procedure, to perform a reparemetrization 
between ds and ds 5 , such that we have : 

We will see, in the next section, how this factor plays a role in the dynamical 
equation governing of the geodesic deviation. 



2 Geodesic deviation equation in Kaluza-Klein 

The starting point of our analysis is the 5D geodesic deviation equation, 
which we obtain extending to the 5D background the usual geodesic deviation 
equation; indeed, it is possible to show that, from the analysis of two close 
geodesic lines, the following equation can be built, 

= - 5 Ricn^ B SxV , (13) 

where 5 Rbcd * s the 5D Riemann tensor and Sx A represent the 5D displace- 
ment factor between two geodesic equations. Via the dimensional reduction 
procedure the 4D part of equation ( ITBl) yields the formula: 
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In the same way the reduction of the fifth component yields: 



(14) 



d_ 

ds 
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ds 



(15) 



The definition of 5Q is now as follows: 



d5xf 



w 5 5x p d p 
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ds 



ds 
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(16) 



Now we are going to demonstrate that 5Q represent the variation of the 
charge-mass ratio in presence of a scalar field. From the definition of ^- in 
(l9l) we have: 



A T ±2 



(17) 



Let us now calculate Sw^ by the definition 



5w 5 = 5 [<p 2 (ekA^ + w 5 )] =5 (0 2 ) [eU/ + u> 5 ] +0 2 <5 (eM^" + w 5 ) 



2wb 
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ds 



(5) 



ds 



(5) 
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The second term can be rewritten as the contraction of the Faraday tensor 
with the quantities 5x p and u p , while the last two terms represent the fifth 
component of the vector 5xa- Then we have: 



(5) 
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. dSxs n $xs d(f) 
ow 5 = — 2- 



ds 



(5) 



(j) iis (5 ) 



5x p d n 



(19) 



The last step is to use the factor a 
tion between ds and ds 5 : 



1 + to perform a reparemeteriza- 



SlVn 



1 +^ 



(is (f> 



ek^F^SxV + 

l +1 



Using the definition (fT7|) we finally find the (TT6l) : 



m 



5Q 



d5xz 
ds 



ds 



ek^F^Safu" + 



2u>5 <5x p <9„ 



1 + 



(20) 

Therefore, eq. (Till) describes the geodesic deviation equation in presence of 
electromagnetism plus scalar field, while eq. (TT5l) describes the behaviour 
of 5Q or the influence of the scalar field on the ratio charge to mass ratio 

along the path of motion. Recalling the definition a = 
can manipulate eq. (fT5l) and write: 



1 + 3* = £™ 



da 
ds 



-et- 



ui d(p 
63 ds~ 



(21) 
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a 
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^ ds 6 3 



(22) 



The combination of this two terms allows to analyze the eq. (fT5l) from another 
point of view and to rewrite it as follows: 



d 
ds 



5Q 



<f> d . . </> 3 

— ^^-0x5 — aoa — 5- 

wi ds wi 



a 



d 
ds 



a. 



(23) 



The above equation thus gives the deviation of the factor 5Q in term of the 
reparametrization factor a; in such a way we can link the problem of the not 
conservation of the charge-mass ratio with the projection factor from ds(g) 
to ds. 
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3 Concluding Remarks 



As we can see from equation ( 1231) , the factor 5Q is no more conserved during 
the motion, due to the variation of a induced by the variation of 0. There- 
fore, even though we assume initial condition 5Q = 0, nevertheless it does 
not vanish during the motion and it affects the path deviation, as we can 
see via eq. (fT4l ). It is remarkable that such a variation can be addressed 
to the variation of a, which is indeed the same factor that causes the ill- 
defined mass that affects the compactified model inducing the generation of 
the Planckian massive tower ([5], [11], [12]). This is the main non-trivial re- 
sult we get, which generalises the findings of the paper ([13]). Furthermore, 
from a phenomenological point of view, it provides a testable tool for an 
experimental detection of the field 0, through an analysis of its tidal effects 
on particle dynamics. It is worth noting, in this respect, that the variation 
of 5Q, being related to a, is connected to the variation of the relative size 
between the extra dimension and the ordinary 4D lengths. This outcome 
is a direct consequence of the fact that we adopted a geodesic approach to 
describe the motion of the unreduced 5D test particle in our compactified 
model. Other approaches to the test particles dynamics in the framework of 
extra dimensional physics adopt different schemes concerning the properties 
of the extra dimension. Usually such approaches relax the cylindrical and 
the compactification hypotheses, and deal with non compact space and em- 
bedding procedure ([H]-[l8]) -which at the end leads to the brane scheme 
([19], [201)-, or still adopt the compactification hypothesis but face the prob- 
lem of the motion using more than 5D and invoking a symmetry breaking 
mechanism for the generation of mass ([21]). In a recent proposal (|11|.[22]). 
it has been suggested that the geodesic approach is not the proper one when 
dealing with test particle, due to the violation of the 5D Principle of Equiva- 
lence; hence, it was proposed to face the particle motion via the conservation 
law of a 5D cylindrical matter tensor defining the particle via an appropriate 
Papapetrou expansion ([23]). With respect to this debate the issue of the 
geodesic deviation can give an interesting theoretical tool for a comparison of 
the models. At the same time, the extension to multidimensional non-abelian 
model appears an interesting issue to be pursued. 
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